Consider an analytic function f which has a Siegel disk properly contained in the domain of holomorphy. We prove that if the rotation number is of bounded type, then f has a critical point in the boundary of the Siegel disk.
Introduction
Let f : V → C be a holomorphic function with a linearizable neutral fixed point 0 ∈ V . Let S be a maximal domain on which f is linearizable. This means that there exists a univalent function h from the unit disk D := D(0, 1) onto S such that
where R σ (z) := e 2πiσ z and f (0) = exp(2πiσ ). Assume also that S is compactly contained in V . We call S a proper Siegel disk for f with the rotation number σ .
The existence of Siegel disks was proved by C. Siegel in [8] provided that the rotation number σ satisfies the Diophantine condition (∃α ≥ 0 such that |σ − p/q| ≥ K q −(2+α) for all positive coprime integers p, q and a positive K ). The Diophantine condition is not optimal and can be replaced by a weaker Bruno condition. A number σ is of bounded type if there exists positive K > 0 such that |σ − p/q| ≥ K q −2 for all positive coprime integers p, q.
The problem of understanding obstructions for extending the domain of linearization of an elliptic fixed point has already been addressed by P. Fatou [3] in 1919. He proved that in the category of rational functions, the boundary of an arbitrary Siegel disk or Herman ring must be contained in the accumulation set of the forward iterates of the critical set. A point c ∈ C is a critical point of f if f (c) = 0.
Clearly, the critical points cannot belong to the domain of linearization. Suppose that f is an entire function and that the closure of its Siegel disk is contained in C. Does there exist a critical point of f in the boundary of the Siegel disk? The question was first asked by A. Douady in 1980 and D. Sullivan in 1981 for rational functions and then was refined by M.-R. Herman in [7] , where more information about the motivation and history of the problem can also be found.
A partial but important contribution was obtained byÉ. Ghys [4] in 1984. He showed that the boundary of the Siegel disk which satisfies a Diophantine condition contains a critical point, provided it is a Jordan curve. A different approach that marked the only progress in the area from the times of Fatou was used by Herman [6] . His theory resulted in proving that for Diophantine rotation numbers there is always a critical point on the boundary of the Siegel disk (or Herman ring) for unicritical polynomials:
Herman's theorem is a consequence of a more general but conditional result [6, main theorem], which asserts that if f is injective on the boundary of its proper Siegel disk S with a Diophantine rotation number, then there is a critical point in ∂S. Later L. Carleson and P. Jones, using the idea of J.-C. Yoccoz (see [7] ), gave a direct proof of Herman's theorem about critical points on the boundaries of Siegel disks (see [6] ).
A new perspective for the problem of linearization was brought by Herman. He proved that there exist quadratic polynomials e 2πiσ z + z 2 with quasiconformal Siegel disks whose boundaries do not contain the critical point (see [7] ). Herman's result indicates that one needs a nontrivial Diophantine condition in order to answer Douady and Sullivan's question. In the beginning of the 1980s, Douady conjectured that every rational map that has a Siegel disk with rotation number of bounded type has at least one critical point in the boundary of the Siegel disk (see [2] ).
The purpose of this article is to contribute to Herman's theory by proving the following result. THEOREM 1 Let U be a disk in C, and let h : D → U be a Riemann map. Suppose that f is a holomorphic function defined on some neighborhood of U such that f = 0 in U and the Schröder functional equation
is satisfied for z ∈ D and a rotation number σ of bounded type. Then h can be extended as an analytic function on some neighborhood of D.
The main idea of the proof is to avoid quasiconformal deformations (a standard technique in the field). Instead, we estimate a normalized Schwarzian and apply the Ahlfors-Weill theorem.
COROLLARY 1
Suppose that f is an entire function without critical points. Then the boundary of every maximal linearization domain for f with a rotation number of bounded type must contain ∞.
Schwarzian derivative and area estimates
Continued fractions A real number σ in (0, 1) can be written as a continued fraction
where a i are positive integers. If we cut off the portion of the continued fraction beyond the nth position and write the resulting fraction in the lowest terms as p n /q n , then the numbers q n for n ≥ 1 satisfy the recurrence relation
The number q n is that iterate of the rotation by σ for which the orbit of any point makes the closest return so far to the point itself.
The Diophantine condition can be expressed in terms of growth of continued fraction coefficients. In particular, an irrational number is of bounded type if its continued fraction coefficients are bounded. An irrational number σ satisfies the Bruno condition if
Properties of the Schwarzian
The Schwarzian S( f ) of a locally univalent function f is defined as
There is a simple formula for the Schwarzian of the composition:
Another property is that S f = 0 in if and only if f is the restriction of a Möbius transformation. If f : D → C is a univalent function, then by the Nehari theorem,
Area estimates
is satisfied for z ∈ D and a rotation number σ of bounded type. Let p n /q n be continued fraction approximants of σ . Then for every such f and for arbitrary K , > 0, we get n 0 such that for every n, i, z, whenever n ≥ n 0 , 0 ≤ i ≤ K q n , and q −1
Proof
We denote z i = R i σ (z). We calculate the Schwarzian of both sides of the Schröder equation:
Hence,
The estimates for 1 − |z| and i in the hypothesis of Lemma 2.1 were chosen in such a way that for a certain Q ≥ 2 which depends on K and the bound on the continued fraction coefficients of σ , the balls centered at z j with radii
We estimate |S f i (z)||h (z)| 2 using the Köbe distortion lemma and the chain rule for the Schwarzian:
where κ is the distortion constant measuring the distortion of h on D(z j , Q −1 (1 − |z j |)). Since |S f (z j )| is bounded on U , we get from this and estimate (1),
where Q 1 depends on f and K but not on n. The area on the right-hand side clearly tends to zero with n. 
For any η > 0, by choosing K large enough in Lemma 2.1, we can assure that {R i σ (z); 0 ≤ i ≤ K q n } form an η-net in the circle C(0, |z|) and that for any 1/2 < r < 1 there exists n such that the condition K −1 q −1 n < r < K q −1 n is satisfied. Now, if |z| = r , the estimate of Lemma 2.1 holds for this n. Choosing η small enough based on Lemma 2.2, we get the claim. 
The boundary of the domain of linearization
The following is a version of the Nehari univalence criterion on the Schwarzian derivative proved by L. Ahlfors and G. Weill in [1] . 
Since ∂D ⊂ i ∂ D i , the theorem follows. 
Proof
Since ∂U is locally connected, h extends continuously to the unit circle, and so does the functional equation. If h is 1-1, we are done; so assume that h(z 0 ) = h(e it z 0 ) for some z 0 on the unit circle. By the functional equation, then h(e 2π nσ i z 0 ) = h(e 2π nσ i+it z 0 ) for any n > 0. By density of orbits under irrational rotation, this leads to h(z) = h(ze it ) for any z in the unit circle. Now if t was chosen the smallest with this property (the smallest t exists or otherwise ∂U is one point), we see that h factors through to the circle C(0, 1)/(e it ), where (e it ) denotes the subgroup generated by e it . The factor map is a homeomorphism.
Proof of Theorem 1
By Theorem 2, ∂U is locally connected. Then, by Lemma 3.1, U is a Jordan domain. Recall that f is topologically transitive on ∂U , as was seen in the proof of Lemma 3.1. So, f is free of periodic points and thus conjugates to an irrational rotation on ∂U . In particular, f is injective on ∂U . Theorem 1 now follows from [6, main theorem].
Since we know, however, that U is a Jordan domain, the following simple proof is also available. Let H be a Riemann map fromĈ \ D ontoĈ \ U . Since H extends as a homeomorphism to C(0, 1), the mapf = H −1
• f • H is a homeomorphism of the circle. By the Schwarz reflection principle,f is an analytic map without critical points and is thus a diffeomorphism. The welding map g = h −1 • H , initially defined only on the unit circle, conjugatesf with R σ , and hence by the classical result of Herman [5] , it is real-analytic. Let G be the extension of g to a neighborhood of C(0, 1). Then H • G −1 agrees with h on the circle and hence provides an extension of h to a larger disk.
